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Aims

The aims of this talk can be summarised in the following
points:

@ Introduce the ABC as a promising alternative for model
selection and parameter estimation.

@ Introduce a new variant of ABC algorithms: ABC-INS.
@ Make a comparison between ABC-NS and ABC-SMC.

@ Illustrate the efficiency of the ABC-NS through some
examples.
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© The general Bayesian approach



Model selection

o Strike the right balance
Goodness-of-fit Complexity of the model

@O@

Parsimony principle

o Simple models are preferred if they provide the same
prediction capability as the complex ones.




The general BA

The general Bayesian framework

o Bayes theory:

Given a model M, an observed data D, and a set of
parameters 0:

f(Dobs|07M)7r(9|M)
7"'(,Dobs|-/\/l)

7(0]Dops, M) = < f(Dops|€, M)m (0| M)

o f(Dyps|0, M): is the likelihood function,
e 7(0|M): is the prior distribution,

o 7(Dyps|M): is a normalisation constant (marginal
likelihood).

— Numerous sampling methods can be used to sample from the
posterior distribution (MH, MCMC,...).



Model assessment and comparison

o Information criterions

IC = D + PD

Deviance = fit of a model  Complexity of a model

D = —2maxlog Ln(M, )
¢

Information criterions

Criterion Penalty Term for model M,

AIC m,

Nd
AICc T
BIC 0.5log(IV)day,

BIC, 0.5log(N)dn, — log(2m)d g,




Model assessment and comparison

o ICs offer a way to estimate the generalisation performance
of the model — the model with the smallest IC value
should be preferred.

@ The ICs present some drawbacks:

o Estimated in a single point, the MLE b,.
o Cannot be used to compare models with the same number

of parameters.
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ABC principle

In the ABC framework, the posterior distribution is given by:

WABC(Q‘DS/L'WL:,DOb&M) (Xfw( obs’Dszmae M) ( szm’e M) (Q‘M)

o Dy is the simulated data.

o fuw(Dops|Dsim, 0, M) is the weighting function so-called
indicator function.

fw(Dobs‘Dsimy 97 M) X ]I(d(Dob37 Dsim|9) < g, M)

® d(Dobs, Dsimg) is a distance measure between the observed
data and the simulated data.

o If ¢ is small enough, mABc(0|Dsin, Dops, M) is a good
approximation of the true posterior distribution.




AB MC for model

ABC-SMC principle
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ABC-SMC for model selection

ABC-SMC principle
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ABC-SMC for model selection

ABC-SMC principle
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ABC-SMC for model selection

ABC-SMC principle
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ABC-SMC for model selection

ABC-SMC principle

Hyperparameters to be defined:

>

>

>

A(u,u*): distance to measure the degree of similarity.
Sequence of the tolerance thresholds: €1 > ¢eo > ... > e7.
Type of kernels to move particles and models.

N number of particles per population.

Stopping criterion.

The efficiency of the algorithm depends heavily on the
selection of the tuning parameters.

Always the objective is to strike the right balance between
computational requirements and acceptable precision.

v

ABC favours automatically simpler models.

v




ABC-SMC for model selection

Example 1: Cubic and CQ models

— Two competing models: each model is characterised by a set
of parameters ©.

My 0 mE+ci+ke+ ka2 = f(t),
Mo : mE4ci4kr+ ks + k52’ = f(t).

Parameter True value Lower bound Upper bound

m 1 0.1 10
c 0.05 0.005 0.5
k 50 5 500
ks 103 102 104

ks 10° 104 106




ABC-SMC for model selection

Example 1: Cubic and CQ models

» Input force: Gaussian with = 0,0 = 10.
40

20 7

\‘

Force [N]

-20

40 I I I I I I I I I
0 0.5 1 1.5 2 25 3 35 4 4.5 5
Time [s]

» Training data from the CQ model (noise of 1% r.m.s was
added).

Displacement [m]

0 0.5 1 15 2 25 3 3.5 4 4.5 5
Time [s]



ABC-SMC for mode ction

Example 1: Cubic and CQ models

— Selection of the ABC-SMCRef- 1 hyperparameters:

>

>

>

Number of particles N=1000.

Equal prior probabilities: p(M7) = p(Mz) = 1.
Uniform priors for model parameters.

Uniform kernels are used to move particles.

The tolerance thresholds sequence is set successively to be
gi=1:19 = (100,80, ...,0.05,0.03).

The MSE is considered to measure the level of agreement:

A(uObS, vSlm _ 100 Z ( obs vSlm)Q

uél




MC for model

Example 1: Cubic and CQ models

» Model posterior probabilities:

p=4, =40
0 0 N ’—‘
0 0 0
M My M M; M M M My
p=5, e=30 P=6, e=20 p=T. =10 P=8, e=5
0 05
’—‘ 0
) 0 0 0
M M; M M, My My M M.
p=9,e=3 p=10, e=2 p=11, e=1 p=12,e=05
0 0 05 0
0 0 0 0
v Mo M M, M M.
p=13, =035 p=14,=03 = 1; :4»1; =16, ==0.1
05 05 05 08
0 0 0 0
M M, M M, M M,
p=17, £=0.075 p=18, £=0.05 P m (»us
1
5 05 05
0 0 )
M M. M M M M.

» The ABC-SMC algorithm tends first to converge to the
cubic model (the model with less parameters).



MC for model ection

Example 1: Cubic and CQ models

» Histograms of the model parameters.
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» The true parameter values are marked by a triangle.



ABC-SMC for model selection

Example 1: Cubic and CQ models

» Model parameter estimates

Parameter Omyue [ o 95% CI

m 1 0.9965 0.0105 [0.97, 1.014]

c 0.05  0.0505 0.0062 [0.0406, 0.0611]

k 50 49.5090 2.0055 [46.25, 52.84]

k3 103 1.069x10% 393.23 [430.38, 1.72x10%]
ks 105 9.58x10*  1.96x10* [6.49x10%, 1.29x10°]

» Model prediction: excellent agreement




MC for model

Example 1: Cubic and CQ models

» Significant decrease of the acceptance rate:

30

25

n
15}

Acceptance rate x 100
&

0 2 4 6 8 10 12 14 16 18 20
Population number
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ABC based on Nested Sampling

» The ABC-NS algorithm is based on the concept of the
nested sampling (NS) algorithm proposed by Skilling®e 2

and the ellipsoidal sampling technique proposed by
Mukherjee et al.Ref: 3,

The implementation of the algorithm requires the selection of a
number of hyperparameters, (the values used here are given):

» [p: proportion of the alive particles (Sy = 0.6).

» «p: proportion of the died particles (ag = 0.3).

> fo: enlargement factor (fo = 1.1).
The first iteration of the ABC-NS algorithm is described in the pseudocode given in the next
slide. For the next iteration, (1 — Bo)N particles are sampled (subjected to the constraint
A(u, u*) < e3) inside the ellipse defined by its covariance matrix and mean value estimated

based on the alive particles obtained previously. For the next iterations, the same procedure is

repeated until the convergence criterion is met.



ABC-NS as a new alternative

ABC based on Nested Sampling

» Principle of the ABC-NS algorithm:

Algorithm 1 ABC-NS SAMPLER
Require: u: Observed data, M(-), 1, N
1: while i < N do

2:

repeat
Sample 6* from the prior distributions 7(-)
Simulate u* using the model M(-)
until A(u, u*) < &
set ©; = 6%, ¢; = A(u,u*)
seti=i+1
end while
Sort e on ascending order,

4
50
6:
kd
8
9:

2= e(aoN), ap € [0.2,0.3]

10w o L (1= (29?)

11: Remove dead particles, A(u,u*) > €2,  Wj=t:aon =0
(1—ao)N

12: Normalise the weights such that Z wi=1

i=1
13: Select Sy N alive particles, Sy € [0.5,1 — ag]
14: Define the ellipse by its covariance matrix and mean value & = {By, ju; }




ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

@ The equation of motion is given by:
my + cj + ky + kay® = f(t)

Objective: identify the unknown parameters © = (k, k3) from
the training data.

> m =1
c = 0.05.
ke ~ U(20, 80).
ks ~ U(500, 1500).
Training data (free-of-noise).

0.2

v vy

v

o

Displacement [m]
)

o

hed
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. . . . .
0 0.5 1 15 2 25 3 35 4 4.5 5
Time [s]



ABC-NS as ew

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.
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ABC-N ew alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

2500 ‘ ‘ :
* Accepted particles
o Alive particles

2000

1500 -

1000 [

90




ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.
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ABC-NS as a new alternative
Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=3, e=4.93e-+01
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=6, e=1.01e-+01
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=10, e=1.33e+00
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=14, £=3.61e-01
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=18, £=9.93e-02
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=20, £=5.00e-02
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=25, £=9.83e-03
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=29, £=3.07e-03
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=34, £=6.53e-04
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=38, £=1.86e-04
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=43, £=4.02e-05
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Illustration of the ABC-NS algorithm.

p=50, £¢=4.59¢-06

1001.5
Py
1001 | o |
i D2
e Y.
10005 F 3o 1
S "\‘{,q

S

AN
<" 1000 w % 1

o8
(3
999.5 - By N7 1
‘.$%!
L)
L 2 A

998.5 | | | | | | |
49.98 49.985 49.99 49.995 50 50.005 50.01 50.015 50.02

k




ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

— Comparison between the posterior distributions obtained by
using the:
» ABC-NS
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ABC-NS as a new alternative

Example 2: ABC-NS for parameter estimation

» Comparison between the acceptance rates.
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ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

@ The equation of motion is given by:
my + ¢y + ky + kay® = f(1)

Objective: identify the unknown parameters © = (¢, k, k3) from
the training data (free-of-noise).
» m=1.

> ¢~ U(0.002,0.2).
>k ~ U(20,80).
> k3 ~ U(500, 1500).

0.2

Displacement [m]

Time [s]



ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

‘ Accepted particles ‘ p=1, £,=100
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ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

Accepted particles p=1, e1=100
e  Alive particles

o~
e




ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

» Selection of the alive particles.

Initial population p=1,2=100
+ Alive particles
2000

1500

<7 1000




ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

» Selection of the alive particles.

Initial population p=1,2=100 Initial population p=1,=100
+ Alive particles « Alive particles

2000 2500
2000

1500
1500
<" 1000 <™ 1000
500

500
0
0 500
100 100




ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

Pp=50, £50=2.25¢-04
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ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

» Histograms of the model parameters using ABC-NS.
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» Histograms of the model parameters using ABC-SMC.
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ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

» Comparison between the posterior distributions using the
differential entropy.
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ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

» Comparison between the acceptance rates.

—=— ABC-NS
ABC-SMC

Acceptance rate x 100
.

0 5 10 15 2 25 30 35 40 45 50
Iteration number

Figure: 3 unknown parameters



ABC-NS as a new alternative

Example 3: ABC-NS for parameter estimation

» Comparison between the acceptance rates.
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ABC-N ew alternative

Example 4: ABC-NS for Model selection

» Application of the ABC-NS for model selection.

— Two competing models: each model is characterised by a set
of parameters 6.

My 0 mE+ci+kz=f(t),
Mo+ mE+ci+khz+ks2d = f(t).

— Objective: Identify the most likely model.
» The training data was synthetically generated from the
cubic model (free-of-noise).
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=1, £=1.00000e+02, n;= 371
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=2, £=8.10536e+01, n;= 456
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=3, £=5.65081e+01, n;= 444
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» Evolution of the number of particles for the linear model.

p=4, e=3.54740e+01, n; = 473
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=5, £=2.22155¢+01, ny= 510
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Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=6, e=1.37490e-+01, n; = 524
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=T, €=9.30912e+00, ny= 532
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» Evolution of the number of particles for the linear model.

=8, £=6.76575e-+00, ny= 525
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=9, £=5.33384e+00, n; = 491
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=10, £=4.34765¢+00, n,= 466
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Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=12, £=3.31198e+00, n,= 466
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Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=14, £=2.78183e+00, n,= 388

62

61.8

61.6

=< 6l4r

612

61r

60.8 I I I I I I
-0.02 -0.01 0 0.01 0.02 0.03 0.04 0.05

c



» Evolution of the number of particles for the linear model.

p=15, £=2.66418e+00, n,= 362
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=16, £=2.60102e+00, ny= 295
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ABC-NS as a new alternative

Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=17, e=2.56111e+00, ny= 147
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Example 4: ABC-NS for model selection

» Evolution of the number of particles for the linear model.

p=18, e=1.91275¢+00, n;= 6
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.

p=1, e=L.00000e+02, ny= 629
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.

p=H, e=4.21112e-02, no= 1000
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.

p=45, e=3.21425e-03, no= 1000
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.

p=T8, e=1.86860e-06, ny= 1000
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.

p=89, e=L.550667e-07, no= 1000
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ABC-NS as a new alternative

Model selection using ABC-NS

» Evolution of the number of particles for the cubic model.

p=100, £=1.33693-08, ns= 1000
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ABC-NS as a new alternative

Example 4: ABC-NS for Model selection

» After few iterations, the linear model is eliminated and the
algorithm converges to the right model: model posterior
probabilities over few populations:
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ABC-NS as a new alternative

Example 4: ABC-NS for Model selection

» Histograms of the model parameters using ABC-NS.
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» Histograms of the model parameters using ABC-SMC.
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Example 4: ABC-NS for Model selection

» Comparison between the acceptance rates and CPU time.

Acceptance rate x 100
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ABC-NS as a new alternative

Example 4: ABC-NS for Model selection

» Comparison between the posterior distributions using the

differential entropy.
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Conclusions

Conclusions

@ The parsimony principle is well embedded in the ABC
algorithm.

@ ABC-SMC and ABC-NS provide good estimates.

@ The ABC-NS outperforms the ABC-SMC in terms of
computational efficiency.

@ The ABC-NS can be applied simultaneously for parameter
estimation and model selection.

@ ABC-NS requires less parameters to be tuned compared
with the ABC-SMC.

» To run the ABC-NS algorithm, Matlab files calc_ellipsoid.m and draw_from_ellipsoid.m
from the MULTINEST packageRef' 4 have been used.




Conclusions

Future work

» Compare the ABC-NS with other variants of ABC
algorithms.

» Introduce the use of the ABC-NS for real applications.
» Extend the use of the ABC to infer systems with complex

behaviours and systems with larger datasets by extracting
useful features.

hyperparameters selection will be investigated and presented in a forthcoming journal

»  More details and examples about the implementation of the ABC-NS algorithm and
paper.
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